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Axion electrodynamics, first proposed in the context of particle physics, manifests itself in con-
densed matter physics in the topological field theory description of 3d topological insulators and
gives rise to magnetoelectric effect, where applying magnetic (electric) field B(E) induces polar-
ization (magnetization) p(m). We use linear response theory to study the associated topological
current using the Fu-Kane-Mele model of 3d topological insulators in the presence of time-dependent
uniform weak magnetic field. By computing the dynamical current susceptibility χ
jpjp
ij (ω), we dis-
cover from its static limit an ‘order parameter’ of the topological phase transition between weak
topological (or ordinary) insulator and strong topological insulator, found to be continuous.The
χ
jpjp
ij (ω) shows a sign-changing singularity at a critical frequency with suppressed strength in the
topological insulating state. Our results can be verified in current noise experiment on 3d TI can-
didate materials for the detection of such topological phase transition.
I. INTRODUCTION
The theoretical [1][2] and experimental [3] discoveries
of quantum spin Hall effect in 2d followed by its exten-
sion to the idea of topological insulators in 3d [4] have
become one of the most exciting developments in con-
densed matter physics in the 21st century [5].Topological
insulators (TIs) are characterized by novel response prop-
erties the most striking of which is an electromagnetic
response called magnetoelectric (TME) effect in 3d topo-
logical insulators, where an applied magnetic field B in-
duces electric (charge) polarization p (or applied elec-
tric field E induces magnetization m).In topological field
theory [6], this effect is derived from the effective ac-
tion Sθ =
e2
4pi2~c
∫
dtd3xθE · B known as axion elec-
trodynamics [7], giving rise to magnetoelectric response
p = e
2
4pi2~cθB,m =
e2
4pi2~cθE.Axion term also leads to
Witten effect where a unit magnetic monopole binds a
generally fractional electric charge in a medium with
θ 6= 0, as also studied in topological insulator context
[8].The θ is the pseudoscalar axion field; odd under parity
and also odd under time reversal.For static time-reversal
invariant systems, θ = 0 or π, corresponding to ordinary
and topological insulators respectively.When time rever-
sal symmetry is broken, 0 < θ < π. When the system
is dynamical [9], the θ becomes a time-dependent func-
tion, which we will later denote by a. We will study this
dynamical case and focus on p ∼ B response.
To study this magnetoelectric response of 3d topolog-
ical insulators, we will consider Fu-Kane-Mele (FKM)
model of 3d TI [4] given by
H0 = t
∑
〈ij〉
c†i cj + i
8λSO
a2l
∑
〈〈ij〉〉
c†i s ·
(
d1ij × d
2
ij
)
cj (1)
where i, j are the sites of 3d diamond lattice, c†i (ci) is the
electron creation (annihilation) operator at site i, t the
hopping integral, λSO the spin-orbit coupling strength,
al the cubic unit cell size, s the Pauli spin matrix vector,
d1ij and d
2
ij are two consecutive nearest-neighbor vectors
connecting two second-neighbor sites.The 3d topological
insulators are characterized by a set of four Z2 topolog-
ical invariants (ν0, ν1, ν2, ν3) [10][11].The phase diagram
of FKM model of 3d TIs contains weak topological insu-
lator (WTI) phase (ν0 = 0, essentially equivalent to ordi-
nary insulator) which is not robust to weak perturbation
and disorder and strong topological insulator (STI) phase
(ν0 = 1), which is robust to weak perturbation and dis-
order.A number of materials have been predicted to be
3d STIs, such as Bi1−xSbx, α−Sn, and HgTe under axial
strain [12].The topological phase transition between the
two phases is normally marked by a gap closing point
[13].However, the gap itself cannot be used as an ‘or-
der parameter’ of the transition as the gap is nonzero
in both ordinary and topological insulating phases of 3d
TIs.This is what motivates our work here where we con-
sider dynamical axion response of 3d TIs and obtain as
our main results; 1)TME effect can be described in lin-
ear response theory with a vector potential involving ax-
ion field.2)Correlation function of topological current is
used to define a dynamical current susceptibility which
in its static limit surprisingly gives an ‘order parameter’
of the topological phase transition.3)The (real part of)
dynamical current susceptibility shows a sign-changing
singularity whose strength is suppressed in the topolog-
ical insulating state.The latter two results provide the
signatures of the topological phase transition in 3d TIs.
II. CURRENT-BASED FORMALISM
Most of the existing studies on the electromagnetic
response in solids employed the abstract Berry phase
2formalism [14][15][16].In this paper, we employ current
density formalism [17][18] which is more physically moti-
vated as it works directly with such measurable quan-
tities as current.We study the response of a charged
particle system to electromagnetic fields described by
4-vector potential Aµ = (A0,A).We focus on the case
with an applied magnetic field and choose a gauge where
A0 = 0[19].The Hamiltonian is given by
Hˆ ′ =
∫
dx
1
2m
|(−i∇−
eA(x, t)
c
)Ψˆ(x)|2 (2)
where we use a non-relativistic fermion system of massm
and charge e as an example, giving rise to charge current
operator jˆ
jˆ(x, t) =
e~
2imc
[
Ψˆ†(x)(∇Ψˆ(x)) − (∇Ψˆ†(x))Ψˆ(x)
]
−
e2
mc2
A(x, t)Ψˆ†(x)Ψˆ(x) (3)
The first and the second terms are known as the paramag-
netic current jˆp(x, t) and the diamagnetic jˆp(x, t) current,
respectively; jˆ(x, t) = jˆp(x, t) + jˆd(x, t).Such decomposi-
tion also works for relativistic fermion systems [18][20].
In 3d TIs, the applied magnetic field is expected to in-
duce polarization p.We can express the polarization in
terms of the value of the current j
pi(ω) =
i
ω
∫
drji(r, ω) (4)
Within linear response theory, the induced current in re-
sponse to vector potential (in a gauge where A0 = 0) can
be written in normalized units as [17][18][21]
δji(r, ω) =
∫
dr′χ
jpjp
ij (r, r
′, ω)Aj(r
′, ω) + ρ0(r)Ai(r, ω)
(5)
where χ
jpjp
ij (r, r
′, ω) is the paramagnetic-paramagnetic
current-current correlation function, ρ0(r) is the ground-
state density, andA(r, ω) is the vector potential.The first
and second terms in Eq. (5) represent the paramag-
netic and diamagnetic contributions respectively to the
induced current.Using this current-based formalism and
linear response theory to study FKM model of inversion-
symmetric 3d TIs, we found that TME effect cannot arise
from purely Maxwellian electrodynamics [22].A novel
form for vector potentialA in accordance with axion elec-
trodynamics is required in order to consistently describe
the TME effect.We will derive this new form of vector
potential in the following section.
III. AXION ELECTRODYNAMICS
We find the expression for A by solving the field equa-
tions derived from the Lagrangian involving the axion
term.In the presence of axion term mentioned in the be-
ginning, rewritten as
∆L = κaE ·B (6)
where κ is the coupling constant, and a is the gener-
ally time-dependent axion field added to the standard
Maxwellian electrodynamics described by L = (E2 −
B2)/2 − (ρφ − j · A), the field equations are modified
and are given as [7][23]
∇ · E = ρ− κ∇a ·B,∇×E = −
∂B
∂t
, (7)
∇ ·B = 0,∇×B =
∂E
∂t
+ j+ κ(a˙B+∇a×E) (8)
We note the presence of extra terms in the form of ad-
ditional charge density in Eq.(7) and current density in
Eq.(8) due to the axion field a.Considering a situation
with no free charge density (ρ) and no free current den-
sity (j) within a periodic solid subjected to an external
spatially uniform magnetic field B, we found that the
axion field a [24] generates an electric field E given by
E = E0 − κBa (9)
This electric field then induces polarization p in the solid,
manifesting the TME effect.
Since the axion field a is time-dependent, the result-
ing electric field E and polarization p are also time-
dependent.As a result, one obtains a charge current fol-
lowing from j = ∂tp.Dynamical axion ensures the pres-
ence of a charge current even when the magnetic field is
static.This current further modifies the vector potential
A.We found that the vector potential A for a general
time-dependent uniform magnetic field becomes [25]
A(r, t) =
B(t)× r
2
+ κ
∫ t
−∞
B(t′)a(t′)dt′ (10)
= AMaxwell(r, t) +Aaxion(r, t)
We note that A now acquires a new term in addition
to the standard AMaxwell(r, t) = (B(t) × r)/2; the axion
term Aaxion(r, t) = κ
∫ t
−∞
B(t′)a(t′)dt′, which is propor-
tional to the applied uniform magnetic field B, implying
that the polarization p acquires a component along the
direction of B, according to Eqs.(4) and (5).This is the
topological polarization of the TME effect.
IV. DYNAMICAL AXION RESPONSE
We now consider inversion-symmetric Fu-Kane-mele
model of 3d TIs [4] for concreteness, where the
Maxwellian (B(t) × r)/2 term generates no polarization
[22], so that we can focus on the topological part of A of
3interest.Considering general space-time dependent axion
field a(r, t) and treating the paramagnetic and diamag-
netic parts on equal footing [21], we obtain the following
equation for the topological induced current,
δji(r, ω) =
∫
dr′
[
χ
jpjp
ij (r, r
′, ω)Aaxionj (r
′, ω)− χ
jpjp
ij (r, r
′, 0)Aaxionj (r, ω)
]
(11)
where the paramagnetic and diamagnetic contributions
take parallel form.We seek to characterize the response
of topological insulators in terms of this quantity.
Consider the (retarded) total current-total current cor-
relation function, directly connected to linear response
theory, given by
χjjij(r, r
′, ω) = −
i
~
∫ 0
−∞
dτeiωτ 〈G|
[
jˆIi (r, 0), jˆ
I
j (r
′, τ)
]
|G〉
(12)
where 〈G| · · · |G〉 represents the ground state expectation
value, jˆI(x, τ) = exp(iH0τ/~)ˆj(x, τ) exp(−iH0τ/~) the
current operator in interaction picture [22].Now we define
the dynamical current susceptibility
χjjij(ω) =
∫
dr
∫
dr′χjjij(r, r
′, ω) (13)
where
∫
dr,
∫
dr′ are integrals over the unit cell of the
lattice (with unit volume in our unit system).Using
Eqs.(5),(11), and (12), exact derivation [22] gives
χjjij(ω) = χ
jpjp
ij (ω) +Nsδij (14)
where
χ
jpjp
ij (ω) =
∫
dr
∫
dr′χ
jpjp
ij (r, r
′, ω) (15)
with χ
jpjp
ij (r, r
′, ω) is given by Eq.(12) but with jˆp(x, τ)
in place of jˆ(x, τ) and Ns =
∫
dx〈G|Ψˆ†(x)Ψˆ(x)|G〉 is the
ground state average number of electrons per unit cell for
each spin species, which is a given number.The second
term in Eq.(14) thus merely acts as a constant shift to
the first term.
The result Eq.(14) suggests that we can adopt χ
jpjp
ij (ω)
to study the response of 3d TIs and its dependence on the
frequency and microscopic parameters of H0, especially
the hopping integral, as we tune the system across its
topological phase transition.This χ
jpjp
ij (ω) can be used as
a dynamical characterization of the TME effect of 3d TI
in response to a uniform magnetic field applied along an
appropriate direction.The response will be dominated by
the diagonal elements of χ
jpjp
ij (ω) because in TME effect
p is collinear with B.We will explicitly compute χ
jpjp
zz (ω)
as example. This response function Eq.(15) is determined
entirely by the intrinsic band structure properties of the
insulators.Physically, χjjij(ω)(χ
jpjp
ij (ω)) represents the cor-
relation between the total currents (induced topological
currents) at two different points, averaged over space,
as it is related to two-particle Green’s function [17].This
quantity therefore encodes and should be able to detect
the nonlocal global topological properties of the band
structure that manifests in the electromagnetic response
of the insulator.
We calculated the function χ
jpjp
zz (ω) using the general
expression for χ
jpjp
ij (r, r
′, ω) [18] derived from two-particle
Green’s function formalism [17],
χj
pjp
αβ (r, r
′, ω) = −
i
~
∫ 0
−∞
dτeiωτ 〈G|
[
jˆIpα (r, 0), jˆ
Ip
β (r
′, τ)
]
|G〉
=
∑
k,i,f
g
(k)
if
Nk
[
(ψ∗ik(r)jˆ
p
αψfk(r))(ψ
∗
fk(r
′)jˆpβψik(r
′))
ǫik − ǫfk + ω + iη
+ c.c.|−ω
]
(16)
where Nk is the number of unit cells (the number of k
points in the first Brillouin zone), g
(k)
if = (fik−ffk)/(1+
δif ), fik being the Fermi-Dirac distribution function at
T = 0 of the ith Bloch state ψik(r) at wavevector k cor-
responding to the ith energy band ǫik.The paramagnetic
current operator is jˆp = −i
(
∇−∇†
)
/2 where ∇ acts on
everything to its right while ∇† acts on every thing to its
left.The i and f denote the initial and final states, taken
to be the ground state and excited states respectively.In
this work, the g
(k)
i,f simply equals 0 for i = f and 1 for
i 6= f . We computed the Bloch states from the FKM
model Eq.(1).Our calculation applies to 3d TIs described
by H0 in Eq.(1) with 0 < Ns ≤ 1.
V. RESULTS: SIGNATURES OF
TOPOLOGICAL PHASE TRANSITION.
We show the profile for χ
jpjp
zz (ω) in the static limit
χ
jpjp
zz (0) corresponding to static susceptibility in Fig.1,
demonstrating its variation as function of the deforma-
tion dt of hopping integral t = 1.0 + dt along two dif-
ferent directions; [111] and [1,−1,−1] directions, each
separately and simultaneously.The deformation of hop-
ping integral can be accomplished by appropriate chem-
ical doping which creates point defects of the type va-
cancies or substitutional defects in the semiconductors
[26].The topological phase diagram obtained in Fu-Kane-
Mele’s seminal work [4] suggests that one has WTI (re-
ducible to ordinary insulator) for dt < 0, STI (true topo-
logical insulator) for dt > 0, and quantum critical point
semimetal at dt = 0 for deformation along [111] while
keeping dt = 0 along [1,−1,−1] and vice versa, as well
as when the hopping integral is deformed along the two
directions simultaneously.
Fig.1 interestingly suggests that the two topologically
distinct insulating phases are distinguished by different
4FIG. 1. a)The (real part of) static susceptibility χ
jpjp
zz (ω =
0) [27] as function of hopping integral deformation dt
(proportional to band gap ∆ = 2|dt|) along directions
[111],[1,−1,−1], and both, with equal dt. b) The resulting
‘order parameter’ δχs(dt) of the topological phase transition
δp0(dt) given in Eq.(17).The units are such that t = 1.0 and
al = 1.0 and we have set λSO = 0.125.
behaviors of our static susceptibility in the following as-
pects:1.The curves corresponding to separate hopping de-
formations are linear functions with distinct slopes.The
deflection occurs right at the quantum critical point
semimetal.2.The simultaneous deformation gives rise to
a close to the average of the static current susceptibilities
of the separate deformations in the WTI phase whereas
in the STI phase, the former shows clear deviation away
from the other two.These changes in behavior can be
taken as an indication of the topological phase transi-
tion. The above observations suggest that we can define
a quantity as function of deformation dt which can serve
as an ‘order parameter’ of the topological phase transi-
tion;
δχs(dt) = χjpjpzz (0)[111]+[1,−1,−1](dt)− χ
jpjp
zz (0)(dt) (17)
where
χ
jpjp
zz (0)(dt) =
χ
jpjp
zz (0)[111](dt) + χ
jpjp
zz (0)[1,−1,−1](dt)
2
(18)
Fig.1 shows that δχs(dt) goes from zero to nonzero across
the topological phase transition and can therefore be used
as an unambiguous signature of the occurrence of such
transition.Combining Eqs.(14) and (17), it is clear that
the total current susceptibility χjjzz(ω = 0) measurable in
experiment will also give the same critical behavior.
This critical behavior of δχs(dt) is nontrivial because
naively, the susceptibility should only depend on the pro-
jection of the direction of electron hopping to the direc-
tion of applied magnetic field and thus should not depend
on how the deformation of the hopping integral is imple-
mented, given the two fixed directions.This turns out to
hold only if the solid is always in the same phase relevant
to its current response, e.g. weak topological (equivalent
to ordinary) insulating phase.Now the current suscepti-
bility shows such unexpected behavior as one crosses a
topological phase transition, even if the two directions of
hopping deformation are fixed. δχs(dt) thus can serve
as an ‘order parameter’ for this topological phase tran-
sition which Fig.1 suggests to be continuous, in agree-
ment with experiments [28].This is also consistent with
the expectation for a phase transition obtained by contin-
uously tuning a parameter in a non-interacting fermion
model Eq.(1).The computed static orbital polarizability
also agrees with the result of Berry phase theories [29].
Theoretically, this nontrivial behavior originates from
the C2 symmetry of the band structure of the FKM
model Eq.(1) under π rotation about the x axis pre-
served under simultaneous deformation of the hopping
integrals with equal strength along [111] and [1,−1,−1]
directions, but broken when the deformation is applied
separately in one of the two directions.This C2 symmetry
manifests its Z2 effect ∼ (−1)
ν0 in the current suscepti-
bility for (strong) topological insulator since the surface
Fermi arc encloses odd number of Dirac points (ν0 = 1)
while the effect vanishes in the weak topological (ordi-
nary) insulator since the arc encloses even number of
them (ν0 = 0)[4].We have checked and confirmed numer-
ically that such a critical behavior in δχs(dt) would never
occur if we set the spin-orbit coupling to zero for exam-
ple, where only one type of insulator; ordinary insulator
(at any 0 < |dt| ≤ t) could exist [22].
We now present the outcome for the dynamical re-
sponse function χ
jpjp
zz (ω) in the ordinary and topologi-
cal insulator phases as well as at the quantum critical
point between them in Fig.2.Apart from the numerical
fluctuations due to the finite-size effect around some crit-
ical frequencies, the profile of χ
jpjp
zz (ω) is consistent with
the familiar 1
ω−ω0
behavior of the two-body (e.g.density-
density, current-current) response functions that have a
sign-changing singularity at a critical frequency ω0 at
which the functions flip sign.Using Eq.(14) and noting
the magnitude of χ
jpjp
zz (0) from Figs.1 and 2, it is clear
that the singularity and the sign change also occur to
the χjjzz(ω) measurable in experiment.The ordinary and
topological insulator phases can be distinguished by the
overall strength of the singularity around ω0.In general,
we find that topological insulating phase leads to sup-
pression of the strength of singularity in the dynamical
response function at around ω0.The switch from nega-
tive to positive correlation across ω0 is nontrivial but can
be nicely explained in terms of the continuity equation
obeyed by the charge density and the current induced by
the polarization generated by the magnetic field via the
5FIG. 2. The (real part of) response function χ
jpjp
zz (ω) [27]
for STI (topological insulator), WTI (or ordinary insulator),
and the critical point (semimetal) as function of frequency
ω.We have used dt = ±0.80 along direction [1, 1, 1] for the
topological (ordinary) insulator phase as example.The units
are such that t = 1.0 and al = 1.0 and we have set λSO =
0.125.
TME effect [22].
VI. DISCUSSION
Topological phase transition occurs between different
phases which cannot be distinguished by a local order
parameter with true symmetry breaking in the sense of
Ginzburg-Landau theory [30].Rather,they are described
by a global topological property.The quantum Hall tran-
sition [31] is one of the first examples of such non-
Ginzburg-Landau type of phase transition.The quantum
spin Hall effect and topological insulators also display
topological phase transition between ordinary insulator
and quantum spin Hall (topological insulator) phases,
marked by a gap closing in the bulk excitation spec-
trum.Our work discovered an ‘order parameter’ derived
from the nonlocal two-particle Green’s function to probe
this latter phase transition between the states distin-
guished by the global topological properties.
The response function that we define is determined by
the current-current correlation function which amounts
to a current noise power measurement. Here we pro-
pose the experimental setup for such measurement on 3d
TI candidate materials described by FKM model [12] to
detect such topological phase transition.Consider a thick
slab sample of such 3d TI materials having front and rear
surfaces normal to the [111] or [1,−1,−1] direction but
parallel to a uniform magnetic field and are coated with
insulating ferromagnet [22].The magnon of the ferromag-
net provides the dynamical axion field that couples to
the magnetic field and the induced electric field [6].
Time-dependent uniform magnetic field induces cur-
rent on the two surfaces, assumed uniformly distributed,
and we propose to measure their correlation. The current
noise cross-corrrelation is given by [32]
SIij(ω) =
1
2π
∫ ∞
−∞
〈∆Ii(0)∆Ij(t)〉e
−iωtdt (19)
where the current noise is ∆Ii(t) = Ii(t) − Ii at the
i = 1, 2-th surface with Ii the corresponding steady-state
equilibrium current (without the applied magnetic field).
The surface current will induce a time-dependent change
in the charge density at the top and bottom ends of the
sample, satisfying continuity equation so as to ensure
charge conservation.Our theory predicts that the behav-
ior of SI12(ω) is given by the profiles of the response func-
tion χ
jpjp
zz (ω) shown in Figs.1 and 2.We have thus demon-
strated a characterization of topological phase transition
in 3d topological insulators from their dynamical axion
response properties.It is important to note that our re-
sults based on current-based formalism are consistent
with those obtained from Berry phase formalism, as both
approaches manifest the direct correspondence between
the band topology and electromagnetic response proper-
ties that characterize topological insulators.Our results
are also universal as they hold for any 3d tight-binding
fermion systems that host topological and ordinary insu-
lating phases, including ultracold atom system realizing
the axion electrodynamics [33].
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VIII. APPENDICES
In these Appendices, we first prove the absence of topo-
logical magnetoelectric effect in purely Maxwellian elec-
trodynamics. We next discuss the linear response theory
and the associated current-current correlation function
and derive the Eq.(14) in the main text. We then show
a consistency check of our results. Finally, we give the
details of the experimental setup of the current noise cor-
relation measurement and explain how our results agree
with simple physical intuition.
6Appendix A: Polarization from Maxwellian
Electrodynamics in Inversion-symmetric Lattice
Systems
We will show that topological magnetoelectric effect
cannot arise from purely Maxwellian electrodynamics.
We illustrate this from linear response theory applied
to Maxwellian electrodynamics to study the electromag-
netic response of inversion-symmetric lattice periodic
solids, where magnetic field is found to not generate any
polarization. In inversion-asymmetric system, such po-
larization will be nonzero. Topological polarization com-
ing from TME effect should be nonzero, regardless of
symmetry property of the system under inversion and
should therefore come from new term in the vector po-
tential A in addition to the familiar (B × r)/2 term, as
we derived in the main text. Here follows the proof.
Standard Maxwellian electrodynamics suggests that
we can write the solution of the equation B = ∇ × A
as usual, which in symmetric gauge is given by
A(r, ω) =
B(r, ω)× r
2
(A1)
valid for spatially uniform magnetic field B. For single
molecule systems, it has been found that the diamagnetic
and paramagnetic contributions can be treated on equal
footing and yield the reference-independent expression
for current and polarization in the ω → 0 limit [21].
δpi(0) = limω→0
i
ω
∫
dr
∫
dr′χ
jpjp
ij (r, r
′, ω)
[
B(ω)× (r′ − r)
2
]
j
(A2)
The above expression with its relative position vector
term r′ − r is also the one required for lattice periodic
solid systems based on the requirement of lattice trans-
lational invariance, which is realized by the r′ − r. The
current-current correlation function itself is also transla-
tionally invariant by definition.
χ
jpjp
ij (r+Ri, r
′ +Ri, ω) = χ
jpjp
ij (r, r
′, ω) (A3)
for translations by arbitrary lattice vectors [34]. Note
that the two independent position vectors r and r′ are
translated by the same lattice vector Ri in this defini-
tion of translational invariance. For lattice-periodic solid
systems, the Eq.(A2) holds naturally due to the lattice
periodicity and so we have
δpi(0) = limω→0
i
ω
ǫijk
∫
dr
∫
dr′χ
jpjp
ij (r, r
′, ω)
Bk(ω)(r
′
l − rl)
2
(A4)
In this work, we are studying the linear response to a
spatially uniform macroscopic magnetic field, taken to be
in z for concreteness. Writing the explicit form for each
component of the polarization from Maxwellian vector
potential given in Eq.(A4), it can be easily checked that
in current-based formalism, one can only obtain polar-
ization parallel to the applied magnetic field from the
contribution of the off-diagonal elements of the current
susceptibility tensor. Diagonal elements of the suscepti-
bility tensor only contribute to the polarization perpen-
dicular to the magnetic field; polarization on xy plane
for magnetic field on z direction. The TME response
described by the equation p = e
2
4pi2~cθB stated in the in-
troduction in the main text on the other hand implies
that the topological polarization is parallel to the mag-
netic field. We will first show that for inversion symmet-
ric systems, both the diagonal and off-diagonal elements
of the tensor χ
jpjp
i6=j give no contribution to the polariza-
tion p in Eq.(A4) from the standard form of vector po-
tential A = (B × r)/2. This conclusion is applicable
to inversion-symmetric 3d topological insulators, such as
the FKM model of 3d topological insulators on diamond
lattice [4][12] with diamond-shaped Brillouin zone, which
has inversion symmetry and results in the two-fold degen-
eracy of the upper and lower energy bands. The key to
the cancellation of the off-diagonal tensor element contri-
bution to polarization is this inversion symmetry of the
model. The absence of this contribution to polarization
can be shown as follows.
We want to compute polarization from Eq.(A4). Let
us make the following substitutions r → −r, r′ → −r′.
As a result, we obtain
δpi(0) = limω→0
i
ω
ǫjkl
∫
dr
∫
dr′χ
jpjp
ij (−r,−r
′, ω)
Bk(ω)(r
′
l − rl)
2
(A5)
where indices appearing twice are to be summed
over. For a system with inversion symmetry, we have
χ
jpjp
ij (−r,−r
′, ω) = χ
jpjp
ij (r, r
′, ω). Therefore, Eq.(A5)
can be written as
δpi(0) = −limω→0
i
ω
ǫjkl
∫
dr
∫
dr′χ
jpjp
ij (r, r
′, ω)
Bk(ω)(r
′
l − rl)
2
(A6)
Comparing Eqs.(A4) and (A6) we arrive at the conclu-
sion that δpi = 0. In summary, the contribution of the
off-diagonal elements of the susceptibility tensor χ
jpjp
ij
to the polarization from the Maxwellian vector poten-
tial A(r, ω) = (B(ω)× r)/2 in our problem is identically
zero at all frequencies ω. This result does not imply that
TME effect, which only requires time reversal symme-
try on system with spin-orbit coupling, occurs only in
inversion asymmetric 3d topological insulators. TME ef-
fect does exist in inversion symmetric TI’s but their net
TME vanishes. For inversion asymmetric system, the fa-
miliar A = (B × r)/2 contributes nonzero p but which
does not have topological character. TME effect should
exist in 3d TI regardless of whether the system is inver-
sion symmetric or not and so this effect cannot arise from
the Maxwellian solution for A in order for the linear re-
sponse theory formulation of the effect to be consistent.
The complete form of the vector potential A is as given
in Eq.(10) in the main text, consisting of the Maxwellian
and axionic parts [35].
7Appendix B: Linear Response Theory and
Current-Current Correlation Function
In linear response theory, the linear response of the
system to an external perturbation is represented by the
change in the expectation value of an observable coupled
to the external potential. This is described by the Kubo
formula
δ〈Oˆ(x, t)〉 =
i
~
∫ t
−∞
dt′〈G|[H ′I(t
′), OˆI(x, t)]|G〉 (B1)
where 〈G| · · · |G〉 represents the ground state expectation
value, Oˆ is the observable operator, and H ′I is the exter-
nal perturbation Hamiltonian, which are given by
H ′I(t
′) = e
iH0t
′
~ H ′(t′)e−
iH0t
′
~ (B2)
OˆI(x, t) = e
iH0t
~ Oˆ(x, t)e−
iH0t
~ (B3)
in the interaction picture, where H0 is the unperturbed
Hamiltonian and
H ′(t′) =
∫
dx′Oˆ(x′, t′)f(x′, t′) (B4)
with f(x′, t′) an appropriate perturbation field.
In our work, the observable is the total charge cur-
rent jˆ(x, t) = jˆp(x, t)+ jˆd(x, t) where the first and second
terms represent the paramagnetic and diamagnetic con-
tributions respectively given by
jˆp(x, t) =
e~
2imc
[
Ψˆ†(x)
(
∇Ψˆ(x)
)
−
(
∇Ψˆ†(x)
)
Ψˆ(x)
]
(B5)
jˆd(x, t) = −
e2
mc2
A(x, t)Ψˆ†(x)Ψˆ(x) (B6)
The total induced current in response to vector potential
is therefore given by
δj(x, t) = δ〈ˆj(x, t)〉 =
i
~
∫ t
−∞
dt′〈G|[H ′I(t
′), jˆI(x, t)]|G〉
(B7)
where the current operator in the interaction picture is
given by jˆI(x, t) = exp(iH0t/~)ˆj(x, t) exp(−iH0t/~). Us-
ing
H ′(t′) = −
∫
dx′ jˆ(x′, t′) ·A(x′, t′) (B8)
we obtain
δji(x, t) =
∫ ∞
−∞
dt′
∫
dx′χjˆˆjij(x, t;x
′, t′)Aj(x
′, t′) (B9)
where we have used Planck units where ~ = 1, c = 1 and
defined a retarded total current-total current correlation
function
χjˆˆjij(x, t;x
′, t′) = −
i
~
θ(t− t′)〈G|[jIi (x, t), j
I
j (x
′, t′)]|G〉
(B10)
Taking the time Fourier transform of this retarded cor-
relation function, we obtain
χjjij(x,x
′, ω) =
∫ ∞
−∞
d(t′ − t)eiω(t
′−t)χjˆˆjij(x, t;x
′, t′)
= −
i
~
∫ 0
−∞
dτeiωτ 〈G|
[
jˆIi (x, 0), jˆ
I
j (x
′, τ)
]
|G〉 (B11)
where we have defined τ = t′ − t, which takes the range
−∞ ≤ τ ≤ 0 due to the θ(t − t′). The time Fourier
transform of Eq.(B9) is
δji(x, ω) =
∫
dx′χjˆˆjij(x,x
′, ω)Aj(x
′, ω) (B12)
It is known from standard many-body physics litera-
ture [17] that the total induced current in linear response
theory is given by
δji(x, t) =
∫ ∞
−∞
dt′
∫
dx′χ
jˆp jˆp
ij (x, t;x
′, t′)Aj(x
′, t′)+ρ0(x)Ai(x, t)
=
∫ ∞
−∞
dt′
∫
dx′
[
χ
jˆp jˆp
ij (x, t;x
′, t′) + ρ0(x
′)δijδ(x
′µ − xµ)
]
Aj(x
′, t′)
(B13)
where δ(x′µ − xµ) = δ(x′ − x)δ(t′ − t), the ground state
fermion density ρ0(x) = 〈G|ρˆ(x)|G〉, ρˆ(x) = Ψˆ
†(x)Ψˆ(x),
and a unit mass m = 1 is taken. The χ
jˆp jˆp
ij (x, t;x
′, t′) is
defined in the same way as χjˆˆjij(x, t;x
′, t′) in Eq.(B10) but
with jˆp in place of jˆ. Taking the time Fourier transform
of Eq.(B13), we obtain
δji(x, ω) =
∫
dx′χ
jpjp
ij (x,x
′, ω)Aj(x
′, ω) + ρ0(x)Ai(x, ω)
=
∫
dx′
[
χ
jpjp
ij (x,x
′, ω) + ρ0(x
′)δ(x′ − x)δij
]
Aj(x
′, ω)
(B14)
Comparing with Eq. (B12), we find that
χjjij(x,x
′, ω) = χ
jpjp
ij (x,x
′, ω)+ ρ0(x
′)δ(x′−x)δij (B15)
Now consider the space-averaged response function
that we propose; the dynamical current susceptibility.
χjjij(ω) =
∫
dx
∫
dx′χjjij(x,x
′, ω) (B16)
8FIG. 3. The static susceptibility χ
jpjp
zz (0) as function of
hopping integral deformation dt (proportional to band gap
∆ = 2|dt|) along directions [111],[1,−1,−1], and both di-
rections simultaneously, in tight-binding model on diamond
lattice without spin-orbit coupling. The units are such that
t = 1.0 and al = 1.0 and we have used λSO = 0.125.
Using Eq.(B15) we obtain
χjjij(ω) = χ
jpjp
ij (ω) + δij
∫
dxρ0(x) (B17)
where the last term is nothing but the ground state av-
erage number of electrons per unit cell Ns =
∫
dxρ0(x)
for each spin species. This completes the derivation of
Eq.(14) in the main text.
Appendix C: Consistency Check
There are several consistency checks that can be done
in order to verify the correctness of our current-based
and linear response theory formalism. It is first to be
noted that we are working in linear response regime,
which means the applied magnetic field B is weak and
the response physical quantity; the polarization p is lin-
ear in B. In this case, in the linear response Eq.(5) in the
main text, the susceptibility tensor reflects a ground state
property and the Hamiltonian from which it is computed
does not include the Zeeman magnetic field applied to
the system. The axionic TME effect however enters via
the vector potential A, which has to be modified accord-
ingly based on axion electrodynamics in order to describe
such effect, as we noted earlier.
As a consistency check, we present the result of our
static susceptibility for model of tight-binding electron
on diamond lattice without spin-orbit coupling. One ex-
pects to have normal metal for isotropic case dt = 0 and
ordinary insulator for any 0 < |dt| ≤ t. Since the system
is then ordinary insulator for both dt > 0 and dt < 0 with
a change in the gap ∼ 2|dt| relative to that of the metal
state at dt = 0, the current susceptibility should behave
the same way or become symmetric with respect to the
critical gapless metal at dt = 0 for hopping integral de-
formation along any direction. Since ordinary insulator
is topologically trivial, clearly we expect the topological
order parameter as we have defined to vanish all the way.
That would confirm the consistency of the theory.
This is indeed what we obtain and confirm numeri-
cally as shown in Fig.3, where we use the same param-
eters as those used in obtaining Fig.1 in the main text,
except that we set the spin-orbit coupling to infinitesi-
mally small number, e.g. λSO = 0.0001. We note that
the magnitude of the static response without spin-orbit
coupling is several orders of magnitude smaller than that
of Fig.1 in the main text with spin-orbit coupling. In ad-
dition, the former shows no regular pattern and this sim-
ply means it corresponds to numerical fluctuations. This
simply suggests that this quantity vanishes in the zero
spin-orbit coupling limit λSO = 0 (and thermodynamic
limit). Using Eq.(17) in the main text, the order parame-
ter δχs(dt) is thus always zero in the absence of spin-orbit
coupling, as should indeed be the case. The ’residual’
nonzero total current susceptibility χjjij(ω), which from
Eq.(14) is simply a constant equals to the ground state
average number of particles per unit cell per spin species
for i = j and zero otherwise, represents the ground state
current correlation which does not come from the TME
effect as the latter necessarily comes from the current in-
duced by the applied magnetic field. As we know 3d TIs
have surface state current even in the absence of external
bias field and this contributes to the ground state current
that gives rise to nonzero ground state correlation. This
consistency further corroborates our identification of the
dynamical current susceptibility χjjij(ω) as a characteriza-
tion of the TME effect and the order parameter δχs(dt)
as an order parameter of the topological phase transition
in 3d topological insulators.
Appendix D: Details of Experimental Setup and
Physical Explanation of Numerical Results on
Dynamical Current Susceptibility
The experiment that we propose in the main text can
be illustrated as in Fig.4. A thick slab sample of 3d TI
candidate material is coated on each of its surfaces with a
layer of ferromagnet with magnetizationm perpendicular
to the interface [6], whose dynamical spin wave (magnon)
provides the dynamical axion field a that couples to the
electric field E induced by a generally time-dependent
spatially uniform magnetic field B applied parallel to
the front and rear surfaces, which are normal to [111] or
[1,−1,−1] direction. This magnetization is also needed
to obtain the time reversal symmetry breaking in anal-
ogy to the effect of magnetic field in quantum Hall effect,
in order to observe the TME effect [6].
Consider a static magnetic field first. Then there will
be a polarization parallel to the magnetic field and which
induces a charge density of opposite signs at the bottom
and top ends of the sample. Since the axion field is dy-
namical, this polarization is readily time-dependent and
gives rise to a current, following from j = ∂tp and a time-
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FIG. 4. Experimental setup for measurement of current noise
correlation from topological magnetoelectric effect. The S(ω)
measures the correlation between the currents on the front
and rear surfaces of the TI [36].
dependent charge density according to continuity equa-
tion ∇ · j+ ∂tρ = 0. Applying time-dependent magnetic
field gives rise to additional current which together with
the charge density always satisfies the continuity equa-
tion. In this setup, the current will be uniformly dis-
tributed over the front and rear surfaces (assuming edge
effect is negligible) so that point contact measurement is
equivalent anywhere on the surface, corresponding there-
fore directly to the space-averaged value of the quantity
of interest.
Now suppose that the current is slowly increasing on
the front surface, then the charge density on the bottom
front as a result is decreasing. But charge conservation
demands that the current on the rear surface should be
decreasing and the charge density at the rear bottom end
be slowly increasing, for slow enough time variation of the
current. This implies that the currents on the front and
rear surfaces are anticorrelated at small frequencies. This
is in complete agreement with our explicit calculations
represented in Fig. 1 and Fig. 2 where the current cross-
correlation is negative at DC and low frequencies 0 ≤
ω < ω0.
At larger than critical frequencies, the currents on the
two surfaces are positively correlated and there will be
flow of charge from inside the bulk to supply for charge
accumulation or depletion at the top and bottom ends of
the sample. This is easy to understand if we note that
in the energy band dispersion in k space, low frequency
photons only excite surface state electrons or states near
Fermi energy whereas high frequency photons excite elec-
trons deep within bulk bands. The explanation for why
the strength of sign-changing singularity is weaker in the
(strong) topological insulating than in the weak topolog-
ical (or ordinary) insulating phase is more curious but
intuitively it relates to the surface state. In general, the
presence of surface state facilitates the flow of charge and
helps the electromagnetic field to excite low energy elec-
trons near Fermi energy. Since the surface state of STI
encloses an odd number of Dirac points and so has at
least one such Dirac point, the transition from negative
to positive current correlation is smoother as it is facili-
tated by the surface state, compared to a WTI or ordi-
nary insulator, which has no surface state or has surface
state that encloses an even number of Dirac points (the
effect of which may cancel out each other), the photons
work by themselves in exciting the electrons without ex-
tra assistance from the surface state and this results in
more dramatic sudden change from the negative to pos-
itive current correlation across the critical frequency ω0.
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